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Let *A* and *B* be self-adjoint operators in a separable Hilbert space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak H}$$\end{document}$ and assume that the *m*-th powers of their resolvents differ by a trace class operator,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \big [(B- z I_{{\mathfrak H}})^{-m}-(A- z I_{{\mathfrak H}})^{-m}\big ]\in {\mathfrak S}_1({\mathfrak H}),\quad z\in \rho (A)\cap \rho (B), \end{aligned}$$\end{document}$$for some odd integer $\documentclass[12pt]{minimal}
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                \begin{document}$$m\in {\mathbb {N}}$$\end{document}$. It is known that in this case there exists a real-valued function $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _{\mathbb {R}}\vert \xi (\lambda )\vert (1+\vert \lambda \vert )^{-(m+1)}d\lambda < \infty $$\end{document}$ and the trace formula$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathrm{tr}}}_{{\mathfrak H}}\bigl (\varphi (B)-\varphi (A)\bigr )=\int _{\mathbb {R}}\varphi ^\prime (\lambda ) \, \xi (\lambda )\,d\lambda \end{aligned}$$\end{document}$$holds for all suitable smooth functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi :{\mathbb {R}}\rightarrow {\mathbb {C}}$$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \begin{document}$$[\varphi (B)-\varphi (A)] \in {\mathfrak S}_1({\mathfrak H})$$\end{document}$. The function $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ in ([1.2](#Equ2){ref-type=""}) is called a *spectral shift function* of the pair $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi (\lambda )=(\lambda - z)^{-m}$$\end{document}$ one has $\documentclass[12pt]{minimal}
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                \begin{document}$$[\varphi (B)-\varphi (A)]\in {\mathfrak S}_1({\mathfrak H})$$\end{document}$ according to ([1.1](#Equ1){ref-type=""}) and the trace formula ([1.2](#Equ2){ref-type=""}) takes the special form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathrm{tr}}}_{{\mathfrak H}}\bigl ((B- z I_{{\mathfrak H}})^{-m}-(A- z I_{{\mathfrak H}})^{-m}\bigr ) = -m \int _{\mathbb {R}}\frac{\xi (\lambda )\,d\lambda }{(\lambda - z)^{m+1}}. \end{aligned}$$\end{document}$$Historically the trace formula ([1.2](#Equ2){ref-type=""}) was first proposed and verified on a formal level by Lifshitz for the case that $\documentclass[12pt]{minimal}
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                \begin{document}$$[B-A]$$\end{document}$ is a finite-rank operator in \[[@CR51]\] (see also \[[@CR52]\]), and shortly afterwards in \[[@CR44]\] Krein proved ([1.2](#Equ2){ref-type=""}) rigorously in the more general case $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi $$\end{document}$ with derivatives in the Wiener class. Furthermore, in \[[@CR44]\] it was shown how the spectral shift function $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ can be computed with the help of the perturbation determinant corresponding to the pair $\documentclass[12pt]{minimal}
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                \begin{document}$$\{A,B\}$$\end{document}$. For pairs of unitary operators and thus via Cayley transforms for the case $\documentclass[12pt]{minimal}
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                \begin{document}$$m=1$$\end{document}$ in ([1.1](#Equ1){ref-type=""}) the spectral shift function and the trace formula were obtained later by Krein in \[[@CR45]\]. Afterwards in \[[@CR43]\] the more general case $\documentclass[12pt]{minimal}
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                \begin{document}$$m>1$$\end{document}$ in ([1.1](#Equ1){ref-type=""}) for self-adjoint operators *A* and *B* with $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho (A)\cap \rho (B)\cap {\mathbb {R}}\not =\emptyset $$\end{document}$ was discussed by Koplienko, and for odd integers *m* in ([1.1](#Equ1){ref-type=""}) and arbitrary self-adjoint operators *A* and *B* see \[[@CR74]\] by Yafaev or \[[@CR73], Chapter 8, $\documentclass[12pt]{minimal}
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                \begin{document}$$\S $$\end{document}$11\] and \[[@CR76], Chapter 0, Theorem 9.4\]. We also mention that the spectral shift function is closely connected with the scattering matrix via the famous Birman--Krein formula from \[[@CR11], [@CR12]\]. For more details on the history, development and multifaceted applications of the spectral shift function in mathematical analysis we refer the reader to the survey papers \[[@CR13], [@CR16], [@CR17]\], the standard monographs \[[@CR73], [@CR76]\], and, for instance, to \[[@CR14], [@CR19], [@CR24], [@CR26], [@CR27], [@CR31], [@CR46], [@CR47], [@CR67], [@CR70]\] and the more recent contributions \[[@CR1], [@CR25], [@CR30], [@CR39], [@CR40], [@CR42], [@CR48], [@CR55], [@CR56], [@CR64]--[@CR66], [@CR68], [@CR75]\].

The main objective of the present paper is to prove a representation formula for the spectral shift function in terms of an abstract Titchmarsh--Weyl *m*-function of two self-adjoint operators satisfying the condition ([1.1](#Equ1){ref-type=""}), and to apply this result to different self-adjoint realizations of second-order elliptic PDEs and Schrödinger operators with compactly supported potentials. In these applications the abstract Titchmarsh--Weyl *m*-function will turn out to be the energy dependent Neumann-to-Dirichlet map or Dirichlet-to-Neumann map associated to the elliptic differential expression and the Schrödinger operators on an interior and exterior domain, respectively.
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                \begin{document}$$\begin{aligned} Sf:=Af=Bf,\quad {{\mathrm{dom}}}(S):=\bigl \{f\in {{\mathrm{dom}}}(A)\cap {{\mathrm{dom}}}(B) \, \big | \, Af=Bf\bigr \}, \end{aligned}$$\end{document}$$which for convenience we assume is densely defined. We emphasize that neither *A* nor *B* needs to be semibounded in our approach. However, we first impose an implicit sign condition on the perturbation by assuming$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (A-\mu _0 I_{{\mathfrak H}})^{-1}\ge (B-\mu _0 I_{{\mathfrak H}})^{-1} \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$A\le B$$\end{document}$ interpreted in the sense of the corresponding quadratic forms. We then make use of the concept of quasi boundary triples in extension theory of symmetric operators from \[[@CR2], [@CR3]\] and construct an operator *T* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _0,\Gamma _1:{{\mathrm{dom}}}(T)\rightarrow {\mathcal {G}}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {G}}$$\end{document}$ is an auxiliary Hilbert space, such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\{{\mathcal {G}},\Gamma _0,\Gamma _1\}$$\end{document}$ one associates the $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$-field and Weyl function (or abstract Titchmarsh--Weyl *m*-function) *M* which are defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$z \in \rho (A)$$\end{document}$, of the function *M* map abstract Dirichlet boundary values to abstract Neumann boundary values, or vice versa, and hence the Weyl function *M* associated to a quasi boundary triple can be viewed as an abstract analog of the (energy parameter dependent) Dirichlet-to-Neumann map. The resolvents of *A* and *B* are related with the $\documentclass[12pt]{minimal}
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                \begin{document}$$\{{\mathcal {G}},\Gamma _0,\Gamma _1\}$$\end{document}$ such that ([1.1](#Equ1){ref-type=""}) is satisfied with $\documentclass[12pt]{minimal}
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                \begin{document}$$J \subseteq {\mathbb {N}}$$\end{document}$ an appropriate index set), the function$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {C}}_+$$\end{document}$ (and hence admits nontangential limits for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in {\mathbb {R}}$$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The applications in Sects. [5](#Sec5){ref-type="sec"} and [6](#Sec6){ref-type="sec"} serve as typical examples for the abstract formalism and results in Sect. [4](#Sec4){ref-type="sec"}. In this context we mention that one may compare in a similar form as in Sect. [5](#Sec5){ref-type="sec"} the Dirichlet realization with the Neumann, or other self-adjoint Robin realizations of an elliptic partial differential expression, and that in principle also higher-order differential expressions with smooth coefficients could be considered. We refer the reader to \[[@CR28], [@CR29], [@CR35]--[@CR37], [@CR54], [@CR57], [@CR58], [@CR63]\] for some recent related contributions in this area.
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Quasi boundary triples and their Weyl functions {#Sec2}
===============================================

In this section we recall the concept of quasi boundary triples and their Weyl functions from extension theory of symmetric operators. We shall make use of these notions in Sect. [4](#Sec4){ref-type="sec"} and formulate our main abstract result Theorem [4.1](#FPar14){ref-type="sec"} in terms of the Weyl function of a quasi boundary triple. In Sects. [5](#Sec5){ref-type="sec"} and [6](#Sec6){ref-type="sec"} quasi boundary triples and their Weyl functions are used to parametrize self-adjoint Schrödinger operators and self-adjoint elliptic differential operators with suitable boundary conditions. We refer to \[[@CR2], [@CR3]\] for more details on quasi boundary triples and to \[[@CR4]--[@CR6], [@CR8]\] for some applications; for the related notions of generalized and ordinary boundary triples see \[[@CR18], [@CR21]--[@CR23], [@CR32], [@CR69]\].
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Proposition 2.4 {#FPar4}
---------------
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Logarithms of operator-valued Nevanlinna functions {#Sec3}
==================================================

In this section we study the logarithm of operator-valued Nevanlinna (or Nevanlinna--Herglotz, resp., Riesz--Herglotz) functions. Here we shall recall some of the results formulated in \[[@CR26], Section 2\] which go back to \[[@CR10], [@CR60]--[@CR62]\], and slightly extend and reformulate these in a form convenient for our subsequent purposes.
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-----
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Example 3.2 {#FPar7}
-----------
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An operator-valued Nevanlinna function admits a minimal operator representation via the resolvent of a self-adjoint operator or relation in an auxiliary or larger Hilbert space (see, e.g., \[[@CR10], [@CR38], [@CR50], [@CR60]\]). More precisely, if $\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar8}
-----------
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-----
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Proposition 3.4 {#FPar10}
---------------
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The following lemma will be useful in the proof of our main result, Theorem [4.1](#FPar14){ref-type="sec"}, in the next section; it also provides a sufficient condition for the assumption ([3.23](#Equ45){ref-type=""}) in Proposition [3.4](#FPar10){ref-type="sec"}.

Lemma 3.5 {#FPar12}
---------
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-----
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A representation of the spectral shift function in terms of the Weyl function {#Sec4}
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Elliptic differential operators with Robin boundary conditions {#Sec5}
==============================================================
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Proof {#FPar21}
-----
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-------------
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Schrödinger operators with compactly supported potentials {#Sec6}
=========================================================
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Theorem 6.1 {#FPar23}
-----------
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Remark 6.2 {#FPar25}
----------
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